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Given
Sample	𝑆 ⊆ 𝑃
Target	variable	𝑦: 𝑃 → {⊕,⊖}
Description	variables	𝑥-: 𝑃 → 𝑋-
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Given
Sample	𝑆 ⊆ 𝑃
Target	variable	𝑦: 𝑃 → {⊕,⊖}
Description	variables	𝑥-: 𝑃 → 𝑋-

Define
Selection	language	ℒ0 ⊆ {⊥, ⊤}3
(𝜎 ∈ ℒ0	defines	ext 𝜎 = 𝑖 ∈ 𝑆: 𝜎 𝑖 = ⊤ ⊆ 𝑆)

Optimize
𝑓 𝑄 = cov(𝑄)Ceff 𝑄 E

with
• Q = ext(𝜎)
• cov 𝑄 = 𝑄 /|𝑆| coverage
• eff 𝑄 = 𝑦I 𝑄 − 𝑦I 𝑆 effect
• 𝑦I 𝑄 = 𝑖 ∈ 𝑄: 𝑦 𝑖 =⊕ /|𝑄| pos.	prob.

[Klösgen,	1996;	Wrobel,	1997;	Duivesteijn et	al.,	2008]
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0.0 0.2 0.4 0.6 0.8 1.0

x1

0.0

0.2

0.4

0.6

0.8

1.0

y

x2 = a

x2 = b

6

©2017,	Mario	Boley

Given
Sample	𝑆 ⊆ 𝑃
Target	variable	𝑦: 𝑃 → ℝ
Description	variables	𝑥-: 𝑃 → 𝑋-

Define
Selection	language	ℒ0 ⊆ {⊥, ⊤}3
(𝜎 ∈ ℒ0	defines	ext 𝜎 = 𝑖 ∈ 𝑆: 𝜎 𝑖 = ⊤ ⊆ 𝑆)

Optimize
𝑓 𝑄 = cov(𝑄)Ceff 𝑄 E

with
• Q = ext(𝜎)
• cov 𝑄 = 𝑄 /|𝑆| coverage
• eff 𝑄 = 𝑦I 𝑄 − 𝑦I 𝑆 effect
• 𝑦I 𝑄 central	tendency	(mean,	median,…)



Metric	target	variables

0.0 0.2 0.4 0.6 0.8 1.0

x1

0.0

0.2

0.4

0.6

0.8

1.0

y

ỹ0
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Dysfunctionality	of	pure	coverage/effect	approach
Dispersion
average	error	𝑒 𝑄 = ∑ 𝑒(𝑖)/|𝑄|�

O∈P

case	𝑦I 𝑄 = 𝑦 𝑄 : 𝑒 𝑖 = 𝑦I(𝑄) − 𝑦 𝑖 Q

case	𝑦I 𝑄 = med 𝑄 : 𝑒 𝑖 = 𝑦I(𝑄) − 𝑦 𝑖
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case	𝑦I 𝑄 = med 𝑄 : 𝑒 𝑖 = 𝑦I(𝑄) − 𝑦 𝑖

Selection	preference
any	

𝑓 𝑄 = 𝑔 cov(𝑄), eff 𝑄

monotone	in	first	argument	favors	groups	that

• are	not	summarized	well	by	𝑦I
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Δ𝐸
Δ𝐸

WX
Y

Dispersion
average	error	𝑒 𝑄 = ∑ 𝑒(𝑖)/|𝑄|�

O∈P

case	𝑦I 𝑄 = 𝑦 𝑄 : 𝑒 𝑖 = 𝑦I(𝑄) − 𝑦 𝑖 Q

case	𝑦I 𝑄 = med 𝑄 : 𝑒 𝑖 = 𝑦I(𝑄) − 𝑦 𝑖

Selection	preference
any	

𝑓 𝑄 = 𝑔 cov(𝑄), eff 𝑄

monotone	in	first	argument	favors	groups	that

• are	not	summarized	well	by	𝑦I
• contain	noise
• are	incoherent

𝜎 𝑖 ≡ 𝑎 𝑖 ∈ 8,12 ∧ 𝑐Q 𝑖 > low
∧ 𝑐d 𝑖 < vhigh ∧ 𝑟 𝑖 > vlow
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Dysfunctionality	of	pure	coverage/effect	approach
Dispersion
average	error	𝑒 𝑄 = ∑ 𝑒(𝑖)/|𝑄|�

O∈P

case	𝑦I 𝑄 = 𝑦 𝑄 : 𝑒 𝑖 = 𝑦I(𝑄) − 𝑦 𝑖 Q
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Selection	preference
any	

𝑓 𝑄 = 𝑔 cov(𝑄), eff 𝑄

monotone	in	first	argument	favors	groups	that

• are	not	summarized	well	by	𝑦I
• contain	noise
• are	incoherent
• provide	weak	quantitative guarantees	wrt 𝑃
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In	10	of	25	datasets	local	error	larger	than	global
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ỹ(Q⇤) ± e(Q⇤)—from opt. classic f

15

©2017,	Mario	Boley

[KEEL	dataset	repository]



How	to	fix	this?
Normalize	effect	??

𝑓 𝑄 = 𝑔 cov 𝑄 ,
eff 𝑄
𝑒 𝑄 	

• ugly	edge	cases
• unclear	how	to	optimize
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[Klösgen,	2002;	Pieters et	al.,	2010]
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Correct	coverage
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ỹ0
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dcc 𝑄 =
𝑄
𝑆 −

𝑒 𝑄
𝑒 𝑆 E

dispersion-
corrected	
coverage



How	to	fix	this?
Normalize	effect	??
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eff 𝑄
𝑒 𝑄 	

• ugly	edge	cases
• unclear	how	to	optimize

Correct	coverage

𝑓 𝑄 = 𝑔 cov 𝑄
𝑒 𝑆 − 𝑒 𝑄

𝑒 𝑆 E
, eff 𝑄

• well-behaved	edge	cases
• can	be	optimized	w/o	loosing	performance	
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dcc 𝑄 =
𝑄
𝑆 −

𝑒 𝑄
𝑒 𝑆 E

dispersion-
corrected	
coverage



Dispersion-correction	reduces	error
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Increases	conservative	mean	estimates	significantly 21
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Branch
𝒓: ℒ0 → 2ℒk

𝜑 ∈ 𝒓 𝜎 ⇒ 𝜎 ≼ φ
⇒ ext 𝜎 ⊇ ext(𝜑)

Bound

𝑓q 𝜎 ≥ max 𝑓 𝜑 :𝜑 ≽ 𝜎

Branch-and-bound	subgroup	optimization 22
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⊤

𝜎u 𝜎Q

𝜎v 𝜎w 𝜎x = 𝜎∗

𝑓q 𝜎x ≤ 𝑓(𝜎∗)

𝜎x

[Wrobel 1997;	Grosskreutz et	al.	2008;	Boley	and	Grosskreutz 2009]
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⇒ ext 𝜎 ⊇ ext(𝜑)

Bound

𝑓q 𝜎 = max 𝑓 𝑅 : 𝑅 ⊆ ext 𝜎
≥ max 𝑓 𝜑 :𝜑 ≽ 𝜎
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⊤

𝜎u 𝜎Q

𝜎v 𝜎w 𝜎x = 𝜎∗

𝑓q 𝜎x ≤ 𝑓(𝜎∗)

𝜎x

[Wrobel 1997;	Grosskreutz et	al.	2008;	Boley	and	Grosskreutz 2009]

tight	optimistic	estimator
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[cf.	Lemmerich et	al	2016]

Given

𝑓 𝑄 = 𝑔(cov(𝑄), eff(𝑄))
𝑄 = 𝑦u, … , 𝑦} st 𝑦u ≤ ⋯ ≤ 𝑦}

How	to	compute	tight	opt	est in	linear	time?
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Given

𝑓 𝑄 = 𝑔(cov(𝑄), eff(𝑄))
𝑄 = 𝑦u, … , 𝑦} st 𝑦u ≤ ⋯ ≤ 𝑦}

Compute 𝑓q in	time	𝑂 𝑚

𝑓q 𝑄 = max{𝑓 𝑇� : 1 ≤ 𝑙 ≤ 𝑚}
𝑇� = 𝑦}��Eu, … , 𝑦}

Linear	size	Pareto	front	through	“top	sequence”

[cf.	Lemmerich et	al	2016]
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Given

𝑓 𝑄 = 𝑔(cov(𝑄), eff(𝑄))
𝑄 = 𝑦u, … , 𝑦} st 𝑦u ≤ ⋯ ≤ 𝑦}

Compute 𝑓q in	time	𝑂 𝑚

𝑓q 𝑄 = max{𝑓 𝑇� : 1 ≤ 𝑙 ≤ 𝑚}
𝑇� = 𝑦}��Eu, … , 𝑦}

Using	incremental	𝑂 1 ops

cov 𝑇� = 𝑙/𝑚

𝑦 𝑇�Eu =
𝑙𝑦 𝑇� + 𝑦}��

𝑙 + 1

Linear	size	Pareto	front	through	“top	sequence”

[cf.	Lemmerich et	al	2016]
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Given

𝑓 𝑄 = 𝑔(dcc(𝑄), eff(𝑄))
𝑄 = 𝑦u, … , 𝑦} st 𝑦u ≤ ⋯ ≤ 𝑦}

How	can	we	extend	idea	to	dcc?
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Given

𝑓 𝑄 = 𝑔(dcc(𝑄), eff(𝑄))
𝑄 = 𝑦u, … , 𝑦} st 𝑦u ≤ ⋯ ≤ 𝑦}

Compute 𝑓q in	time	𝑂 𝑚

𝑓q 𝑄 = max{𝑓 𝑀� : 1 ≤ 𝑧 ≤ 𝑚}
𝑀� = 𝑀�

��∗

𝑘�∗ maximizing	dcc(𝑀�
�)

𝑀�
� = 𝑦

�� �
Q
, … , 𝑦�, … , 𝑦�E �

Q

Linear	size	Pareto	front	through	median	index
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Given

𝑓 𝑄 = 𝑔(dcc(𝑄), eff(𝑄))
𝑄 = 𝑦u, … , 𝑦} st 𝑦u ≤ ⋯ ≤ 𝑦}

Compute 𝑓q in	time	𝑂 𝑚

𝑓q 𝑄 = max{𝑓 𝑀� : 1 ≤ 𝑧 ≤ 𝑚}
𝑀� = 𝑀�

��∗

𝑘�∗ maximizing	dcc(𝑀�
�)

𝑀�
� = 𝑦

�� �
Q
, … , 𝑦�, … , 𝑦�E �

Q

Using	incremental	𝑂 1 ops

𝑦I 𝑀� = 𝑦�
dcc(𝑀�)	? ? ?

Linear	size	Pareto	front	through	median	index
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Idea
Analyze	functions
ℎ�: 𝑘 ↦ dcc(𝑀�

�)
Δℎ�: 𝑘 ↦ ℎ� 𝑘 − ℎ� 𝑘 − 1

Incremental	computation	of	𝑘�∗	 in	𝑂(1)

𝑀uv
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Δℎ�Eu and	Δℎ� are	coupled,	i.e.,
Δℎ��u 𝑘 + Δ��u 𝑘 − 1

≤ Δℎ� 𝑘 − 2 + Δ� 𝑘 − 3

Conclusion
𝑘�∗ ∈ {𝑘�Eu∗ − 3,… , 𝑘�Eu∗ + 3}
->	incremental	𝑂(1) computation

Incremental	computation	of	𝑘�∗	 in	𝑂(1)
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Conclusion
Summary

dispersion/error	is	an	issue

dispersion-corrected	coverage	addresses	it

can	be	optimized	effectively	(median	case)

Directions

immediate:	what	about	mean	case?

bigger	picture:	complex	models	/	multiple	targets	
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